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Introduction
Triangulated surfaces reconstructed from real-world data usually contain undesirable noise. It is an important requirement to smooth the noise on a triangulated surface while preserving geometric features of the surface.
Let us consider the definition of noise on a triangulated surface. On a triangle mesh with no additive noise, vertices of each triangle exist at proper positions, especially touching on the mesh surface. If a triangle mesh is added some £ m5051134@u-aizu.ac.jp Ý belyaev@mpi-sb.mpg.de, belyaev@u-aizu.ac.jp Þ dm-wei@u-aizu.ac.jp noise, the vertices are disarranged and their positions separates from the mesh. We define the noise as mesh vertices separating from their proper positions on the mesh surface. Thus, a noise suppression process is equivalent to the correction of mesh vertex positions. To perform such noise suppression, concepts based on the heat diffusion on a surface and the differential geometry approach have been used in previous work [2, 3, 5, 10] . However, noise suppression based on these approaches usually distort sharp geometric features as shown in Fig. 1 
-(c) and (d).
In signal and image processing, a nonlinear filter usually has a feature-preserving effect. The median filter [4] is one of such nonlinear filters. In this study, we apply the median filter to suppress undesirable noise on 3-D shapes given by triangle meshes, and investigate its feature-preserving effect. Fig. 1 shows an example how the mesh median filter works; it suppresses noise while preserves the sharp feature.
To discuss how to apply the median filter to triangle meshes, we consider how it works in image processing. The median filter in image processing [4] is applied to intensity values of image pixels. At a filtering process, a local neighborhood centered at the filtered pixel is considered. We collect all intensity values from the local neighborhood; select the median value; and set it to the center pixel. Therefore, to apply the median filter to face normals on triangle meshes, we consider the direction of a face normal as the intensity value of a image pixel, and update the direction at a smoothing process.
In this paper, a weighted mesh median filter is also introduced as an advanced modification of the mesh median filter. The weighted mesh median filter has a strengthened feature-preserving effect. Positive weighting increases the low-pass filtering (smoothing) effect, and negative weighting boosts the high-pass filtering (enhancing) effect. This paper is organized as follows. Section 2 describes frameworks of the two conventional mesh smoothing methods. In section 3, an algorithm of the mesh median filter is presented, and then the weighted mesh median filter is depicted in section 4. Experimental results are discussed in section 5, and they are discussed in section 6. This paper is 
Background
In this section, two conventional methods of polygonal surface smoothing are considered: the Laplacian smoothing flow [5, 10] and the mean curvature flow [2, 3] . The Laplacian smoothing is developed from a two-dimensional heat equation, and the mean curvature flow is formulated based on concepts of the differential geometry.
Consider a discrete mesh evolution process at which mesh vertex positions are updated according to
where ´È µ is a displacement vector, and is a step-size parameter.
The Laplacian smoothing flow is obtained from Eq. (1) if the displacement vector ´È µ is defined by the so-called umbrella operator [5] 
where È is a mesh vertex, and AE ½´È µ É ¼ É ½ É Ò ½ is the 1-ring of mesh vertices neighboring on È , as seen in Fig. 2 .
For the explicit vertex updating scheme corresponding to the mean curvature flow, the displacement vector ´È µ in Eq. (1) is equal to the mean curvature vector [2, 3] 
Here « and ¬ are the angles opposite to the edge É È , as seen in Fig. 4 . In order to eliminate mesh shrinking, we keep the volume of the evolving mesh constant by rescaling the mesh after each step of the mesh evolution process [3] .
Mesh Median Filter
An implementation of the mesh median filter is discussed in this section. Consider an oriented triangle mesh.
Let Ì be a mesh triangle; n´Ì µ be the unit normal; ´Ì µ be the area of Ì ; and ´Ì µ be the centroid of Ì . AE´Ìµ indicates the set of all triangles touching Ì with a edge or a vertex. One cycle process of the mesh median filter consist of the following two consecutive steps.
Step 1. In the local neighborhood AE´Ìµ, an angle ´n´Ì µ n´Í µµ is considered over all triangles adjacent to the Ì . The classical median filter is applied to those angles . Let be the median angle in the AE´Ìµ, then face normal of the center triangle n´Ì µ is replaced by n´Í µ. We define the replaced normal as m´Ì µ. This replacement operation is performed throughout all triangles of a mesh.
Step 2. Consider all face normals on a mesh have been 
Weighted Mesh Median Filter
It is evident that elements with large weights are more frequently selected by the weighted median filter [1] .
To apply the weighted median filter to triangle meshes, we divide a set of all triangle adjacent to a triangle Ì into two subsets: AE ´Ì µ and AE Ú´Ì µ. The AE ´Ì µ is a set of mesh triangles sharing an edge with the Ì , and the AE Ú´Ì µ is a set of mesh triangles touching the Ì with a vertex. We assign a weight 2 to all triangle of the AE ´Ì µ and a weight 1 to all triangles of the AE Ú´Ì µ, as shown in Fig. 6 . The weighted The weighted mesh median filter has a better featurepreserving effect than the mesh median filter does. The positive weighting increases the smoothing effect of the mesh median filter. In flip side, the negative weighting boosts the enhancing effect of the mesh median filter, but the smoothing effect weakens. In this case, a weight -2 is allocated to all triangles of AE ´Ì µ. An operation of the negative weighting is as follows:
A difference between the positive weighting and the negative weighting is demonstrated in Fig. 8 . We evaluate the two kinds of mesh median filters with the following three points of view: a speed of processing; a resistance to oversmoothing; and a effect of preserving sharp geometric features.
First, we check processing speeds of the two kinds of median filters through a speed-benchmark test. A personal computer used in the test is equipped with a 1.7-gigahertz CPU (Pentium 4) and a 512-megabyte RAM. A triangle mesh, as seen in Fig. 9 , is used for the benchmark test; the mesh model is constructed by 2174 vertices and 4352 triangle faces. We measure how much time does it cost to complete a process of 20-iteration smoothing (case 1). Further, the mesh model is linearly subdivided to be constructed by 8702 vertices and 17408 triangle faces. The same experiment is performed for the subdivided mesh (case 2). Tables in Fig. 10 
Second, we perform an experiment to inspect the resistance to oversmoothing of the mesh median filter. In this experiment, a moai statue model digitized by a 3-D laser scanning system (Minolta VIVID 700) is smoothed by the Laplacian smoothing, the mean curvature flow, and the mesh median filter. The number of smoothing iterations is 200 for the Laplacian smoothing and the mean curvature flow. The step size of these methods is similarly 0.2. The mesh median filter is applied by 400 iterations. For the moai model, 20-iteration smoothing is suitable. As shown in Fig. 11 , the mesh median filter has a strong resistance to the oversmoothing.
We then verify the effect of preserving geometric features through another experiment. A monk statue model digitized by the VIVID 700 is used in this experiment. This model has several big hollows on its surface, as seen in Fig. 12 . However, these hollows does not exist on the captured object. We apply smoothing methods until suppressing those hollows and then check a smoothing effect for other parts. If geometric features are well preserved after the smoothing operation, we consider that the smoothing method has the feature-preserving effect. In this experiment, the Laplacian smoothing, the mean curvature flow, the mesh median filter, and the weighted mesh median filter are used. Fig. 12 show the experimental results. To fill up the hollows, all smoothing methods are applied by 100 iterations. The step size of the Laplacian smoothing is 0.2, and the one of the mean curvature flow is 0.1.
Discussion
The top table in Fig. 10 shows that the Laplacian smoothing and the mean curvature flow faster work than mesh median filters. However, they degrade sharp features of the mesh model.
The mean curvature flow, the mesh median filter, and the weighted mesh median filter are nonlinear methods. After the subdivision operation, their processing times are increased to be approximately four times as many as the previous ones. The increasing rate is nearly similar to ones of vertices and faces. The Laplacian smoothing, a linear method, has the least increasing rate of the processing time.
As shown in Fig. 11 , it is evident that the mesh median filter more stably performs than the conventional smoothing methods do. Geometric features of the moai statue model, smoothed by the mesh median filter, is not blurred at the filtering process. The mesh median filter gives us such smoothing results even if we set the large number of smoothing iterations.
We must set the step size when using the Laplacian smoothing and the mean curvature flow. If a wrong step size is set to these smoothing methods, the oversmoothing occurs in few iterations. However, the mesh median filter does not require such step size, and the oversmoothing is restrained at a smoothing process. Fig. 12 shows that the mesh median filter is effective to suppress big noise. In fact, the mesh median filter suppresses needless hollows on the monk statue model while preserves the model's geometric features. The weighted mesh median filter has a better feature-preserving effect than the mesh median filter does, as seen Fig. 7 and 12.
In this paper, we applied the mesh median filter and the weighted mesh median filter to 3-D mesh smoothing. The mesh median filter is constructed by a combination of 1) the application of the median filter to face normals on triangle meshes and 2) the evolution of mesh vertex positions to make them fit to the filtered normals. Numerical experiments show that the two median filters are satisfactory in noise reduction and feature preservation in 3-D mesh smoothing applications.
